Abstract In the present paper, an unsteady motion of fluid flow in a pulsating pipe is studied to determine the effect of non-sinusoidal waveforms on the heat transfer performance. Three nonsinusoidal waveforms, namely sawtooth, square and triangular waveforms have been considered. Explicit analytical expressions for a periodic laminar flow describing the flow and heat transfer at small and large times with sawtooth and square pressure waveforms have been derived using Bessel transform technique. The heat transfer performance of periodic flow at sawtooth and square pressure waveforms has been compared with the published result for triangular waveform [1] . The temperature performance for a triangular waveform pressure is very different from the sawtooth and square pressure waveforms. 
Introduction
Periodic motion of fluid flow associated with heat transfer in a pipe with pulsating flow and constant heat flux occurs in many industrial processes and natural phenomena. Therefore, it has becomes the topic of many detailed, mostly analytical studies for different flow configurations. Most of the interest in this topic is due to its important in biological applications in relation to blood flow. Blood flow in human cardiovascular system is caused by the pumping action of the heart which produces a pulsatile pressure gradient throughout the system [2] , and also in industrial applications in relation to heat exchange efficiency, such as the application in the production of plane glass where the glass sheet is pulled over a bath of molten while being cooled and solidified [3] .
Moallemi and Jang [3] studied numerically the effect of the Prandtl number on the flow and heat transfer in a lid-driven square cavity. The numerical simulations showed that for higher values of Pr the effect of thermal buoyancy force on the flow and heat transfer inside the cavity is more dominant. Richardson and Tyler [4] was among the earliest to compare the gradients of mean velocity resulting by alternating or continuous flow of air near the mouths of pipes of various sizes and cross sections. The results showed that the peak of mean velocity existed near the walls of the pipe in alternating flow, while this annular peak is absent in continuous flow. Zhao and Cheng [5] , studied numerically laminar forced convection of an incompressible flow in a pipe subjected to constant wall temperature and reciprocating flow. They concluded that the average heat transfer rate is increased with an increase in Reynolds number, but decrease with the increases in the length to diameter ratio. Later, Moschandreou and Zamir [6] , considered analytically the problem of velocity and heat transfer in pulsatile flow in a tube where heat is generated at a constant rate. Meanwhile, Guo and Sung [7] , examined the effects of various form of Nusselt number in pulsating pipe flow and observed that the large pulsating amplitude ratio of flow rate caused reverse flow at the cross section in a pipe. Further, Hemida et al. [8] , corrected the solution obtained by Moschandreou and Zamir [6] analytically for the thermally fully developed case subjected to constant wall heat flux. Hemida et al. [8] concluded that, as long as the problem considered is laminar and incompressible flow, the pulsation enhances heat transfer for nonlinear boundary conditions while degrades the time average Nusselt number for linear boundary conditions. Yu et al. [9] , studied analytically pulsating laminar convection in a circular tube subjected to constant heat flux and found that pulsation neither enhances or degrades heat transfer in a steady flow. Beyond laminar flow, Wang and Zhang [10] , investigated numerically pulsating turbulent convection heat transfer with large pulsating amplitude in a pipe subjected to constant wall temperature. Their result showed that large velocity amplitude oscillation, flow reversal in the pulsating turbulent flow and an optimum Womersley number greatly enhance heat transfer. Pendyala et al. [11] , studied experimentally the single-phase flow subjected to low frequency oscillations on the convective heat transfer in a vertical tube. Their result indicated that the heat transfer coefficient increased with oscillations in the laminar region. Akdag and Ozguc [12] , studied experimentally the heat transfer from a surface subjected to oscillating flow in a vertical annular liquid channel. Similar to Pendyala et al. [11] , the region of study is having a constant heat flux and found that the oscillating flow heat transfer increases with increasing both the amplitude and frequency of the oscillation.
Mehta and Khandekar [13] , investigated numerically periodic pulsatile internal laminar flows in two configurations, circular axisymmetric tube and parallel plates in which the superimposed pulsations are axial and transverse, respectively. Shailendhra and AnjaliDevi [14] , considered analytically the problem of heat transfer in the oscillatory flow of liquid metals between two infinite parallel horizontal plates, thermally insulated when a constant axial temperature gradient is superimposed on the fluid. They observed that sinusoidal oscillation of the fluid enhanced heat transfer and it is independent of the pattern of oscillations. Yin and Ma [15] performed an analytical study of an oscillatory effect on the heat transfer in a capillary tube and found another important factor that influences heat transfer values in an oscillating flow. Furthermore, there exists an optimum Prandtl number for the maximum Nusselt number. Abdulhameed et al. [16] applied analytical method incorporating finite Hankel transformation, Laplace transformation, and Kummers function in order to study the sinusoidal waveform effect on the heat transfer performance subjected to an oscillating motion of viscoelastic fluid in a capillary tube. They found the steady, the permanent and the transient solutions for the fluid velocity and the temperature able to describe the flow at small and large times. They found that the fluid temperature does not depend on the oscillating amplitude and the Prandtl number in the case of small values of time where it does depend on these parameters in the case of large values of time. All of the above quoted references of oscillating motion of fluid flow and associated heat transfer in a pipe with pulsating flow and constant heat are based on the hypothesis that the fluids motions are sinusoidal waveform. However, because of their fundamental and technological importance, theoretical studies of non-sinusoidal waveform of viscous fluid in pipes are very important in several electronic components and other industrial processes. Zhao et al. [17] showed that in addition to the sinusoidal waveform, other waveforms exist in an Oscillating heat pipes (OHP) such as the triangular waveform. Recently, Yin and Ma [1] studied an oscillating motion with a triangular waveform. Results showed that the triangular waveform of oscillating motion gives higher heat transfer coefficient compared to sinusoidal pressure waveform. However, no attempt has been made in the context of sawtooth and square waveforms to study the effect of periodic motion on the heat transfer performance.
The sawtooth and square pressure waveforms modeled by an infinite Fourier series are considered as a driven force of the flow and is a significant contribution to understand the behavior of oscillating periodic motion on the temperature profile and heat transfer performance from both physical and mathematical standpoints. Analytical solutions of velocity field, temperature distributions and Nusselt number are obtained in explicit forms for the constant heat flux boundary condition. Previous studies using sinusoidal pressure waveform [15] and triangular [1] could not obtain the general solution for oscillating pulsating laminar flow to describe the flow and heat transfer at small and large times. Here, we present the general solution to our problem which describes the flow and heat transfer at various times. The effects of the sawtooth and square waveforms including thermal properties on the heat transfer performance are investigated and compared with the existing result for triangular waveform to those of Yin and Ma [1] .
Governing equations
Let us consider the periodic flow generated by non-sinusoidal pressure waveforms in a pulsating pipe with a radius of r 0 , shown in Fig. 1 . The periodic flow is driven by the pressure difference as a combination of the sawtooth and square pressure waveform given by the following:
where c 0 is the amplitude of the sawtooth pressure fluctuation, c 1 is the amplitude of the square pressure fluctuation and
Based on the pulsation due to pressure waveform in Eq. (1), for an unsteady, laminar, fully-developed viscous flow in a pipe, the governing equations can be written as follows:
The initial boundary conditions corresponding to Eqs. (2) and (3) are u ¼ 0 and H ¼ 0 at t 6 0 for all 0 6 r 6 r 0 ; ð4Þ @u @r ¼ 0 and
Next, we introduce the non-dimensional quantities:
where e u is a mean value of velocity. Now the dimensionless momentum and energy equations (after dropping the 'Ã' notation) become the following: Figure 1 The physical model configuration.
Velocity solution
Consider the velocity field as the sum of the steady state u s and transient u t components as follows:
Substituting (13) into (8) we obtain the following:
with initial and boundary conditions:
The solution of Eq. (14) is readily obtained as follows:
Now apply the Bessel transform (i.e. the finite Hankel transform) (cf. [18] [19] [20] ) to Eq. (15):
where
The general solution of Eq. (24) is the sum of the homogeneous part F h k m ; t ð Þand the particular part F p k m ; t ð Þ:
By considering F p k m ; t ð Þin the form
and substituting into Eq. (24) and equating the coefficients of like terms yields the following:
were obtained after solving a set of four simultaneous equations. R. Roslan et al.
The general solution of Eq. (24) then can be written as
where the constant k 0 can be determined through the initial condition. From Eqs. (16) and (19) we obtain
Applying the Bessel transform with J 0 and by using the transformation z ¼ k m r gives
and upon using the following Bessel transform properties
Eq. (34) reduces to
By employing
for m ¼ 1; z ¼ k m , with J 0 ðk m Þ ¼ 0 and substituting (36) into (32) subjected to the initial condition (16), we obtain k 0 as
and hence the solution of Eq. (24) after taking the inverse Bessel transform is
where J 1 is the Bessel function of the first kind of order one and k m is the eigenvalue of the Bessel function of the first kind of order zero. In particular, in the limit t ! 1, (39) reduces to u t ðr;tÞ¼ 2c 0 p 
We further assume that the steady temperature, H s z; r ð Þ, is given as a sum of functions of z and r as follows:
By using Eqs. (43) and (19), Eq. (41) can be transformed to
and this holds if
and
where k 1 is a constant. Integrating Eqs. (45) and (46) and by using the boundary conditions (11) and (12) gives
Based on the constant heat flux boundary condition, the solution of the steady state temperature can then be written as
By using Eq. (49), and applying the Bessel transform and the expression in Eq. (39), the transient temperature Eq. (42) can be transformed to
Taking the particular solution of (50) in the form
and using the same procedure as in the previous section, we obtain
where (43) and (58)) is presented. Fig. 2(a) demonstrates the waveform effect on total temperature profile when z ¼ 0:5; r ¼ 0:5; Pr ¼ 1, and x ¼ 1. It is observed that the peak temperature profile for triangular, sawtooth and square falls within the range [0.254-0.255] and more significant with triangular and sawtooth waveforms. However, if z and r increase to 0:8, respectively, while keeping the other conditions constant as shown in Fig. 2(b) , it is found that the peak temperature for sawtooth and square increases and reaches a value 0:60, while that of triangular exceeds 0:64. This implies that the variation for the axial position, radial coordinate, and amplitude pressure fluctuation inside the pipe flow is significantly different with sawtooth, square and triangular pressure waveforms. Fig. 3(a) and (b) show the effect of the waveforms on the temperature profiles for the case c 0 ¼ 0:04; c 1 ¼ 0:04; Pr ¼ 1 and x ¼ 1. Fig. 3(a) shows the waveform effect when z ¼ 0:5; r ¼ 0:5; c 0 ¼ 0:01, c 1 ¼ 0:01; Pr ¼ 1, and x ¼ 1. Also note that the peak total temperature increases for the triangular and sawtooth waveforms to 0:258, while for the square waveform it only reaches 0:255. Fig. 3(b) shows the case for the axial position and radius increasing to z ¼ 0:8; r ¼ 0:8, while keeping the other parameters constant. Note that the peak of the total temperature for the triangular waveform can reach 0:80, while that of the sawtooth and square waveforms only achieve 0:7. Comparison of results in Figs. 2 and In the case of constant wall heat flux, the Nusselt number is generally defined as [9, 15] :
Considering
, Eq. (67) becomes (after dropping the Ã notation)
where H bt is the instantaneous bulk temperature at the wall defined by 
Conclusions
Three cases of non-sinusoidal pressure waveforms, namely, sawtooth, square and triangular pressure waveforms have been consider in a pulsating pipe flow. Bessel transform technique has been applied to obtain analytical solutions for velocity, temperature distribution and Nusselt number for periodic laminar flow, which is used to analyze the thermal properties on the heat transfer performance. The derived analytical solution is in more general form and thus it can represent for small and large time variations. The result showed that the axial position, z, radial coordinate, r, Prandtl number, Pr and amplitude of the pressure fluctuation, c 0 and c 1 have a direct effect on the heat transfer performance in a pulsating pipe flow. It is shown that when the axial position, or radial coordinate, and amplitude pressure fluctuation increase, the peak temperature distribution increases. Results also show that the heat transfer performance of the oscillating flow depends on the oscillating waveform. Temperature performance for a triangular pressure waveform is very different from sawtooth and square pressure waveforms. The triangular waveform of oscillating motion can result in a higher heat transfer performance.
